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Purpose: To compare two methods that use x-
ray spectral information to image externally adminis-
tered contrast agents: K-edge subtraction and basis-
function decomposition (the A-space method),
Methods: The K-edge method uses narrow band
x-ray spectra with energies infinitesimally below and
above the contrast material K-edge energy. The A-
space method uses a broad spectrum x-ray tube
source and measures the transmitted spectrum with
photon counting detectors with pulse height analysis.
The methods are compared by their signal to noise
ratio (SNR) divided by the patient dose for an imag-
ing task to decide whether contrast material is present
in a soft tissue background. The performance with io-
dine or gadolinium containing contrast material is eval-
uated as a function of object thickness and the x-ray
tube voltage of the A-space method.
Results: For a tube voltages above 60 kV and soft
tissue thicknesses from 5 to 25 g/cm^2, the A-space
method has a larger SNR per dose than the K-edge
subtraction method for either iodine or gadolinium con-
taining contrast agent.
Conclusion: Even with the unrealistic spectra as-
sumed for the K-edge method, the A-space method
has a substantially larger SNR per patient dose.
Key Words: spectral x-ray, K-edge subtraction, basis
decomposition, contrast agent, photon counting,
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1. INTRODUCTION
K-edge subtraction was one of the first methods to
use x-ray spectral information to improve the visibil-
ity of contrast agents injected into the body2,3,4. An
alternative method utilizing spectral information is the
basis decomposition method5 (the A-space method).
Alvarez6 showed this method can be used to pro-
vide near optimal signal to noise ratio (SNR)7 with
low energy-resolution measurements. Although both
methods use spectral information, they are quite differ-
ent and an interesting question is which one provides
a better SNR per dose for detecting an externally ad-
minstered contrast agent in a soft tissue background?
This paper examines that question for idealized
spectra and detectors. For K-edge subtraction, mo-
noenergetic spectra with energies just below and
above the K-edge energy and a quantum noise-
limited, negligible pileup photon counting detector are
used. For the A-space method, a broad spectrum x-
ray tube source is used with an ideal photon counting
detector with pulse height analysis (PHA).
The imaging task is to detect contrast material em-
bedded in soft tissue. The signal to noise ratios of the
two methods are compared for equal dose, which is
approximated as the absorbed energy. Since, in gen-
eral, the square of the SNR is proportional to dose, the
parameter compared is SNR2/Dose. This parameter is
computed as a function of soft-tissue object thickness
and the x-ray tube voltage for contrast agents contain-
ing iodine or gadolinium.
The imaging task does not measure the full capa-
1
ar
X
iv
:1
70
9.
08
91
3v
1 
 [p
hy
sic
s.m
ed
-p
h]
  2
6 S
ep
 20
17
bility of either method. The A-space method extracts
a great deal more information about the object than
simply the presence of the contrast agent8,9,10. The
K-edge subtraction method can discriminate against
body materials with different compositions so long as
their attenuation coefficient is continuous at the K-
edge energy. Nevertheless the imaging task used al-
lows us to directly compare the fundamental perfor-
mance of the two methods for an important clinical
application. More general comparisons including the
presence of other body materials and practical limita-
tions on the x-ray source spectra for the K-edge sub-
traction method are under research.
Recent examples of work in this area include Roessl
and Proksa11, who applied the A-space method
to image contrast agents as did Zimmerman and
Schmidt12. Dilmanian et al.13 used a synchrotron ra-
diation source at a nuclear physics laboratory to image
contrast agents with K-edge subtraction. Shikhaliev14
pre-filtered a broad spectrum source with high atomic
number materials to provide a bi-modal spectrum. The
filtered transmitted spectrum was measured with a
photon counting detector with PHA and the SNR of
the contrast material thickness was computed. None
of these papers compared the K-edge subtraction
method to the A-space method directly.
2. METHODS
In this section, the imaging task for the signal to noise
ratio definition is described. Then expressions for the
SNR and absorbed energy with the K-edge subtrac-
tion and A-space methods are derived. Finally, the
SNR per absorbed energy is computed as a function
of the object thickness and the tube voltage for con-
trast agents containing iodine or gadolinium.
2.A. The imaging task
The imaging task assumes the object shown in Fig.
2.1. The task decides whether a contrast material is
present from measurements of the transmitted x-ray
1.76Ts
0
1
ninc(E), Ninc
ntran(E), Ntran
soft tissue
1
0
0.85Tc
contrast
µs
µc
Figure 2.1: The imaging task is to detect the pres-
ence of an externally administered con-
trast agent from measurements of the
transmitted energy spectrum, ntran(E),
where E is the x-ray energy. The incident
spectrum is ninc(E) and the total number
of incident photons is Ninc =
´
ninc(E)dE.
The soft tissue material has attenuation
coefficient µs(E) and thickness Ts, while
the contrast material has attenuation co-
efficient µc(E) and thickness Tc. For A-
space processing, a basis set consisting
of the background and contrast materials’
attenuation coefficients is used. With this
basis set, the coefficients, the a vectors,
for the soft tissue is [0, 1]T and the con-
trast material [1, 0]T as shown in the figure.
Column vectors are used and the symbol
T denotes the transpose.
energy spectrum.
Assuming normally distributed noise, the probabil-
ity of error depends only on the signal to noise ra-
tio15, where the signal is the square of the difference
in the expected values of the measurements between
the soft tissue only and the soft tissue plus contrast
materials and the noise is the variance of the mea-
surements. The contrast material thickness will be as-
sumed to be sufficiently small that the variance is es-
sentially the same in the soft tissue-only and the con-
trast regions.
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Figure 2.2: X-ray attenuation coefficients of the high
atomic number elements used in contrast
agents as a function of x-ray energy. The
attenuation coefficient of soft tissue is also
plotted for comparison. The table shows
the K-edge energy and the attenuation co-
efficients just below and above it for iodine
and gadolinium.
2.B. Ideal K-edge subtraction
Figure 2.2 shows the attenuation coefficients of io-
dine and gadolinium as well as soft tissue. Notice the
sharp discontinuities of the coefficients of the contrast
materials. The absorption edge energies are unique
to each element. The energies and the attenuation
coefficients just above and below the discontinuities
are shown in the table in the figure. Soft tissue and
other biological materials have attenuation coefficients
that are continuous throughout the diagnostic energy
range.
For the ideal K-edge method, we use delta function
x-ray spectra with energies just below and just above
the K-edge energy, Ek−and Ek+, and compute the dif-
ference of the logarithm of the number of transmitted
photons. Referring to Fig. 2.1, the expected values of
the transmitted photon counts with the two spectra are
NK− and NK+
NK− = (N0/2) e−µs(Ek−)(ts−tc)−µc(Ek−)tc
NK+ = (N0/2) e
−µs(Ek+)(ts−tc)−µc(Ek+)tc . (2.1)
In this equation, N0 is the sum of the incident photons
of both spectra, µs(E) is the soft-tissue attenuation co-
efficient at x-ray energy E, ts is the soft tissue material
thickness, µc (E) is the contrast material attenuation
coefficient, and tc its thickness. The incident photons
were divided equally between the two spectra.
The K-edge signal SK is the difference of the loga-
rithms of the photon counts
SK = log (NK−)− log (NK+) . (2.2)
Using Equations 2.1, this signal is
SK = [µs (Ek+)− µs (Ek+)] (ts − tc) + . . .
[µc (Ek+)− µc (Ek+)] tc.
(2.3)
In the background region, the contrast material thick-
ness is zero, tc = 0, and the background material
thickness is ts = Ts so the signal is
SKb = Ts [µs (Ek+)− µs (Ek−)] . (2.4)
Since the soft tissue attenuation coefficient function
µs(E) is continuous, the K-edge subtraction back-
ground region signal can be made arbitrarily small by
using measurement energies sufficiently close to the
K-edge energy Ek
Ek−, Ek+ → Ek
µs (Ek−) → µs (Ek+)
SKb → 0
(2.5)
In the contrast material region, the background mate-
rial thickness is Ts − Tc and the contrast thickness is
Tc so the K-edge signal from Eq. 2.3 is
SKc = [µs (Ek+)− µs (Ek+)] (Ts − Tc) + . . .
[µc (Ek+)− µc (Ek+)]Tc.
(2.6)
For the ideal energies specified in Eq. 2.5, the first
term is essentially zero so the signal in the contrast
region is
SKc = [µc (Ek+)− µc (Ek+)]Tc. (2.7)
3
The probability distributions of the photon counts in
Equations 2.1 can be modeled as independent Pois-
son since they are measured with different spectra.
The variance of the logarithm of a Poisson random
variable with expected value 〈n〉 is 1/〈n〉6. Therefore,
the variance of the K-edge signal, which is the differ-
ence of their logarithms, Eq. 2.3, is the sum of the
variances of the logarithms of the individual counts
Var (SK) =
1
〈NK−〉 +
1
〈NK+〉 . (2.8)
The expected values are sufficiently large that we can
use the normal approximation to the Poisson16.
2.C. A-space processing
The A-space method5 approximates the attenuation
coefficient at points within the object as a linear com-
bination of basis functions of energy multiplied by co-
efficients that depend on the position r within the ob-
ject.
µ(r, E) = a1(r)µ1(E) + a2(r)µ2(E). (2.9)
To apply this method to the imaging task in Section
2.A, we use the attenuation coefficients of the soft tis-
sue and contrast material, µs(E) and µc(E), as the
basis functions6,17. With this basis set, the vectors of
the basis set coefficients of the soft tissue and con-
trast materials are as = [1 0]T and ac = [0 1]T . The
superscript T denotes a transpose.
In general, we need a three function basis set to
approximate the attenuation coefficients of biological
materials and a high atomic number contrast agent
accurately16. However, the two function set is suffi-
cient to represent the materials in the object, which is
assumed to be composed only of two materials, and it
facilitates the comparison with the K-edge method.
The line integral of the attenuation coefficient along
a line L from the source to a detector pixel is
ˆ
L
µ(r, E)dr = Asµs(E) +Acµc(E). (2.10)
where Ai =
´
L ai(r)dr, i = s, c and the superscript T
denotes a matrix transpose. We summarize the line
integrals as a vector A = [As Ac]T , the A-vector.
The A-space method estimates the A-vector5,18,19
from measurements of the transmitted spectra. A
photon counting detector with pulse height analysis is
used so the counts in each bin are a different spectrum
measurement. Neglecting scatter and pulse pileup,
the expected value of the count in PHA bin k is
〈Nk(A)〉 =
ˆ
Πk(E)ninc(E)e
−Asµs(E)−Acµc(E)
(2.11)
where ninc(E) is the incident spectrum and Πk(E) is
the idealized bin response for bin k , equal to 1 inside
the bin and 0 elsewhere. The measurements can be
summarized as a vector L(A) with components
Lk(A) = − log
(
Nk (A)
〈Nk(0)〉
)
where 〈Nk(0)〉 is the expected values of the bin count
with zero object thickness. The estimator inverts L(A)
to compute the best estimate of the A-vector, Aˆ, given
L.
Since the measurements are random quantities, the
A-vector estimates will also be random. If CA is their
covariance, the signal to noise ratio for the imaging
task is
SNR2 = δATC−1A δA (2.12)
where δA is the difference of the A-vectors in the re-
gions with and without contrast material and the su-
perscript −1 denotes the matrix inverse. The optimal
SNR is computed using the Cramèr-Rao lower bound
(CRLB), CA.CRLB, the minimum covariance for any
unbiased estimator20. For the number of photons re-
quired with material selective imaging, the CRLB is16
CA.CRLB =
(
MTC−1L M
)−1
. (2.13)
In this equation, M = ∂L/∂A and CL is the covariance
of the L measurements. With the assumptions of no
pileup and a quantum noise limited detector, CL is a
diagonal matrix with elements CL,kk = 1/〈Nk〉 and the
4
matrix M has elements6
Mij =
∂Li
∂Aj
= 〈µj(E)〉nˆi(E) .
That is, each element is the effective value of basis
function µj(E) in the normalized spectrum nˆi(E)
nˆi(E) =
Πi(E)ninc(E)e
−Asµs(E)−Acµc(E)´
Πi(E)ninc(E)e−Asµs(E)−Acµc(E)
.
Because we use the attenuation coefficients of the
object materials as the basis functions, the A-vector is
A = tsas + tcac (2.14)
where ts and tc are the thicknesses of the soft tissue
and contrast materials. In the soft tissue only region,
Asoft tissue =
[
Ts
0
]
. (2.15)
and in the region with contrast agent
Acontrast =
[
Ts − Tc
Tc
]
(2.16)
so the difference vector is
δA = Acontrast −Ano contrast =Tc
[
−1
1
]
.
Using Eq. 2.12, the optimal SNR with the A-space
method is
SNR2opt = T
2
c [1, −1]MTC−1L M
[
−1
1
]
.
2.D. Absorbed energy
The spectra for the K-edge subtraction and A-space
processing are different so in order to compare the
two methods on an equal basis we need a way to nor-
malize their SNR. The method used is to divide the
SNR by the x-ray energy absorbed in the object, which
is used as a proxy for the x-ray dose. The absorbed
energy is computed from the energy absorption co-
efficient of the soft tissue material, µabs,s(E), which
measures the energy absorbed by the object from the
incident x-ray photons21. Assuming the contrast ma-
terial is so thin that it does not absorb significantly, the
absorbed energy is
Qabs = Qinc
[
1−
ˆ
qˆinc(E)e
−Tsµabs,s(E)dE
]
. (2.17)
In this equation, the incident energy spectrum is
qinc(E) = Eninc(E), where ninc(E) is the photon num-
ber spectrum incident on the object. The energy spec-
trum qinc(E)dE gives the sum of energies of the pho-
tons from E to E + dE. The normalized energy spec-
trum is
qˆinc(E) =
qinc(E)´
qinc(E)dE
.
where the denominator is the total energy of the inci-
dent photons
Qinc =
ˆ
qinc(E)dE.
For the A-space method, the absorbed energy is
given by Eq. 2.17 with the incident x-ray tube spec-
trum ninc(E) calculated with the TASMIP algorithm22.
For the idealized K-edge method described in Sec-
tion 2.B, the two delta function spectra are assumed
to be arbitrarily close to the K-edge energy, EK , with a
total number of photons for both spectra equal to N0.
With these assumptions, the absorbed energy is
Qabs,K = N0EK
[
1− e−Tsµabs,s(EK)
]
. (2.18)
2.E. SNR per absorbed energy as a function
of object thickness
To compare the methods, the SNR2 divided by the ab-
sorbed energy was computed as a function of the soft-
tissue material thickness from 5 to 25 g/cm2. Contrast
agents with iodine or gadolinium as the high atomic
number element were used. The contrast material
thickness was fixed at 5× 10−3 g/cm2. The absorbed
energies with the two methods was computed as de-
scribed in Section 2.A.
5
For the K-edge method, delta function spectra with
energies infinitesimally below and above the contrast
material’s K-edge energy were assumed as described
in Section 2.B. The total incident photons were equally
distributed between the two spectra.
For the A-space method, a 100 kV x-ray tube spec-
trum computed with the TASMIP algorithm22 was used
with photon counting detectors with five PHA bins.
The PHA bins were adjusted to give an equal num-
ber of photons per bin for the spectrum transmitted
through 5 g/cm2 of soft tissue. An efficient estimator
with low bias and with A-vector noise covariance ap-
proximately equal to the CRLB was assumed.
2.F. SNR per absorbed energy as a function
of tube voltage
The spectrum used with the A-space processing is
controlled by the x-ray tube voltage so the SNR per
dose was computed as a function of voltages from 40
to 100 kV. The object thickness was 20 g/cm2. For
comparison, the SNR per dose of the K-edge method
with this object thickness was also plotted.
3. RESULTS
3.A. SNR vs. object thickness
Figure 3.1 shows the SNR per dose as a function of
the soft tissue thickness. Panel (a) is for an iodine
containing contrast agent and Panel (b) for gadolinium
containing contrast agent . In the panels, the SNR of
the two methods are on the left and their ratio on the
right. The tube voltage for the A-space method was
100 kV.
3.B. SNR vs. tube voltage
Figure 3.2 shows the SNR per absorbed energy as a
function of the x-ray tube voltage. The left graph is for
an iodine contrast agent and the right for gadolinium
contrast. The K-edge method SNR per dose is also
plotted. Since it does not depend on the tube spec-
trum, it is a constant. The object thickness was fixed
at 20 g/cm2.
4. DISCUSSION
Figure 3.1 shows that for soft tissue thickness from
5 to 25 g/cm2 the A-space method’s SNR per dose
is larger than that of the K-edge subtraction method.
The ratio of the SNR values with the two methods de-
pends on the contrast agent. For iodine containing
agents, the ratio becomes larger as the object thick-
ness increases approaching a value of 9 at 25 g/cm2.
The gadolinium ratio is approximately constant with a
value approximately 3. The K-edge energy of iodine,
33.2 keV, is substantially lower than that of gadolinium,
50.2 keV, so the iodine K-edge signal is attenuated
much more strongly as the object thickness increases.
Figure 3.2 shows that for tube voltages greater than
60 kV, the A-space method SNR is larger than the
K-edge subtraction method SNR for both iodine and
gadolinium. For iodine, the A-space method SNR is
approximately 6 times larger than the K-edge subtrac-
tion value. For gadolinium, the A-space SNR is close
to the K-edge subtraction value at low tube voltages
but increases to approximately 3.5 times larger at 100
kV. The change may be due to the fact that for low
voltages the peak of the tube spectrum is close to the
K-edge energy while for larger voltages the signal in-
cludes the contributions of the difference in attenua-
tion of soft tissue and gadolinium above the K-edge
energy.
The larger SNR of the A-space method may seem
surprising since the sharp discontinuity of the con-
trast material attenuation coefficient at the K-edge is
markedly different from the background material atten-
uation coefficient. The superior SNR of the A-space
method is due to the fact that the contrast material at-
tenuation is different from the soft tissue not only at the
K-edge energy but also throughout the range of ener-
gies in the x-ray tube spectrum. The A-space method
measures this difference throughout the energy region
6
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Figure 3.1: Contrast agent SNR per unit dose for K-edge and A-space methods as a function of object thick-
ness for iodine (a) and gadolinium (b) containing contrast agents. For each material, the left panels
shows the SNR per unit dose while the right panel shows the ratio of the SNR/dose. The tube
voltage for the A-space method was 100 kV.
leading to larger signal. Also, the tube spectrum above
the K-edge is attenuated less than at the K-edge lead-
ing to a lower noise measurement.
The K-edge method implementation in this study
used idealized measurement spectra with high flux
and energies tunable infinitesimally close to the K-
edge energy. No sources with these characteristics
that can be deployed to clinical institutions currently
exist. Early work2 used a broad spectrum x-ray tube
source with a crystal monochromator but this did not
provide a practical photon flux suitable for a clinical
system. Other early work4 used an x-ray tube fil-
tered by appropriately chosen materials. With this
approach, there is a trade-off between the tube load-
ing and the width of the measurement spectra. For
practical tube loading, the filtered spectra widths are
not sufficiently small to give a large signal across the
K-edge discontinuity. Another possibility13 is a syn-
chrotron radiation source but currently this requires a
large nuclear physics accelerator laboratory. There is
research in “table-top” synchrotron radiation sources
but these have not proved practical at this time. As
shown by the results in this paper, even with an ideal
monoenergetic source, the A-space method provides
a better signal to noise ratio per dose.
The A-space method used in this study, although
idealized, may be implementable in a clinical environ-
ment. X-ray tubes are widely used in diagnostic imag-
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Figure 3.2: SNR per absorbed energy versus tube voltage. Iodine contrast in the top and gadolinium in the
bottom panels. The K-edge method result does not depend on the tube spectrum so its SNR is
constant. The panels on the right show the ratios of the SNRs. The object thickness was fixed at
20 g/cm2.
ing. The photon counting detector assumed negligible
pileup and perfect PHA bins but realistic pileup and
overlap between PHA bin responses may not substan-
tially reduce the A-space method performance23,24.
The effect of photon counting detector imperfections
on the SNR is a subject of current research.
5. CONCLUSION
The K-edge subtraction and the A-space method for
imaging contrast agents containing iodine or gadolin-
ium in a soft tissue background material are compared
for their signal to noise ratio per unit dose. The A-
space method has a better SNR2/dose for soft tissue
object thicknesses from 10 to 25 g/cm2 and for tube
voltages above 60 kV.
6. Supplementary material
Matlab language code to reproduce the figures of this
paper is available online1.
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